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Abstract
We generalize the virial theorem to the warped DGP brane-world scenario and consider its im-
plications on the virail mass. In this theory the four-dimensional scalar curvature term is included
in the bulk action and the resulting four-dimensional effective Einstein equation is augmented
with extra terms which can be interpreted as geometrical mass, contributing to the gravitational
energy. Estimating the geometrical mass M(r) using the observational data, we show that these
geometric terms may account for the virial mass discrepancy in clusters of galaxies. Finally, we
obtain the radial velocity dispersion of galaxy clusters σr(r) and show that it is compatible with
the radial velocity dispersion profile of such clusters.
PACS numbers: 04.50.-h, 04.20.Jb, 04.20.Cv, 95.35.+d
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relation.
1 Introduction
In recent times theories with higher-dimensions have become popular in high energy physics, specially
in the context of hierarchy problem and cosmology [1]. In this scenario it is purported that our four-
dimensional universe is a subspace called the brane, embedded in a higher-dimensional space-time
called the bulk. One of the most successful of such higher-dimensional models is that proposed by
Randall and Sundrum whose the bulk has the geometry of an AdS space admitting Z2 symmetry [2].
They were successful in explaining what is known as the hierarchy problem: the enormous disparity
between the strength of the fundamental forces. The Randall Sundrum (RS) scenario has had a great
impact on our undersetting of the universe and has brought higher-dimensional gravitational theories
to the fore. In certain RS type models, all matter and gauge interactions reside on the brane while
gravity can propagate into the bulk. Using the Israel junction conditions [3] and the Gauss-Codazzi
equations, one can obtain the field equations on the brane, as employed by Shiromizu, Maeda and
Sasaki (SMS) [4]. There are two very important results that arise from the effective four-dimensional
Einstein equations on the brane. The first one is quadratic energy-momentum tensor, piµν , which is
relevant in high energy and the second one is the projected Weyl tensor, Eµν , on the brane which is
responsible for carrying on the brane the contribution of the bulk gravitational field. The cosmological
evolution of such a brane universe has been extensively investigated and effects such as a quadratic
density term in the Friedmann equations have been found [5, 6, 7].
An alternative scenario was subsequently proposed by Dvali, Gabadadze and Porrati (DGP) [8].
The DGP proposal rests on the key assumption of the presence of a four-dimensional Ricci scalar in the
bulk action. There are two main reasons that make this model phenomenologically appealing. First,
it predicts that four-dimensional Newtonian gravity on a brane-world is regained at distances shorter
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than a given crossover scale rc (high energy limit), whereas five-dimensional effects become manifest
above that scale (low energy limit) [9]. Second, the model can explain late-time acceleration without
having to invoke a cosmological constant or quintessential matter [10]. An extension of the DGP
brane-world scenario have been constructed by Maeda, Mizuno and Torii which is the combination of
the RS II model and DGP model [11]. In this combination, an induced curvature term appears on the
brane in the RS II model. This model has been called the warped DGP brane-world in literature [12].
In this paper, we consider the effective gravitational field equations within the context of the warped
DGP brane-world model and obtain the spherically symmetric equations in this scenario. So much
for the success of the DGP model, a word of caution is in order; the theory predicts the existence
of ghost-like excitations. Many scenarios have been undertaken to explain away such ghosts, but as
yet no satisfactory solution exists. The interested reader should consult [13] for further insight. We
do not discuss such excitations since our aim lies in studying the virial mass discrepancy in warped
DGP models.
Modern astrophysical and cosmological models are faced with two severe theoretical difficulties
which can be summarized as dark energy and dark matter problems. The problem of dark matter
is a longstanding problem in modern astrophysics. Two important observational issues, the behavior
of the galactic rotation curves and the mass discrepancy in clusters of galaxies led to the necessity
of considering the existence of dark matter at the galactic and extra-galactic scales [14]. The total
mass of a cluster can be estimated in two ways. One can apply the virial theorem to estimate the
total dynamic mass MV of a rich galaxy cluster from measurements of the velocities of the member
galaxies and the cluster radius from the volume they occupy. The second is obtained by separately
estimating the mass of each individual members and summing them up to give a total baryonic
mass M . It is always found that MV is greater than M . This is known as the missing mass
problem. Nevertheless, the existence of dark matter was not firmly established until time when the
measurement of the rotational velocity of stars and gas orbiting at a distance r from the galactic
center was performed. Observations show that the rotational velocity increase near the center of
galaxy and remain nearly constant. This discrepancy between the observed rotation velocity curves
and the theoretical prediction from Newtonian mechanics is known as galactic rotation curves
problem (Figure 1). These discrepancies are explained by postulating that every galaxy and cluster
of galaxy is embedded in a halo made up of some dark matter [14]. To deal with the question of
dark matter, a great number of efforts has been concentrated on various modifications to the Einstein
and the Newtonian gravity [15, 16, 17, 18, 19]. Several theoretical models, based on a modification
of Newton’s law or of general relativity, have been proposed to explain the behavior of the galactic
rotation curves. In the modified Newtonian dynamics (MOND) theory which has been proposed by
Milgrom [20], the Poisson equation for the gravitational potential, ∇2φ = 4piGρ, is replaced by an
equation of the form ∇[µ(x)(|∇φ|/a0)] = 4piGρ, where a0 is a fixed constant and µ(x) a function
satisfying the conditions µ(x) = x for x << 1 and µ(x) = 1 for x >> 1. The force law, giving the
acceleration a of a test particle becomes a = aN for aN >> a0 and a =
√
aNa0 for aN << a0, where
aN is the usual Newtonian acceleration. The rotation curves of the galaxies are predicted to be flat,
and they can be calculated once the distribution of the baryonic matter is known. A relativistic
MOND inspired theory was developed by Bekenstein [21]. In this theory gravitation is mediated
by a metric, a scalar field and a four-vector field, all three dynamical. For alternative theoretical
models to explain the galactic rotation curves, see [22]. One other such modification is that of the
RS brane-world scenario [23]. It has been argued that a modified theory of gravity based on the
RS brane-world scenario can explain the observations of the galactic rotation curve of spiral galaxies
and the virial theorem mass discrepancy in clusters of galaxies without introducing any additional
hypothesis [23].
Our main purpose in this paper is to obtain the generalized form of the virial theorem in Warped
DGP brane-world model by using the collision-less Boltzmann equation. In what follows, we first give
a brief review of warped DGP brane-world model and the gravitational field equations are derived
in this model. Next, we use the relativistic Boltzmann equation to derive the virial theorem which
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Figure 1: Observed rotation velocity curve of the NGC3198 (dotted line) and the prediction from Newtonian theory
(solid line).
is modified by an extra term which may be used to explain the virial mass discrepancy in clusters
of galaxies. Finally, we identify the geometrical mass of cluster in terms of the observable quantities
and obtain the radial velocity dispersion of galaxy clusters.
2 Effective field equations on warped DGP brane
Let us start by presenting the model used in our calculation [11]. Consider a five-dimensional space-
time with a four-dimensional brane is located at Y (XA) = 0, where XA, (A = 0, 1, 2, 3, 4) are
five-dimensional coordinates. The effective action is given by
S = Sbulk + Sbrane, (1)
where
Sbulk =
∫
d5X
√−G
[
1
2κ25
R+ L(5)m
]
, (2)
and
Sbrane =
∫
Y=0
d4x
√−g
[
1
κ25
K± + Lbrane(gαβ , ψ)
]
, (3)
where κ25 = 8piG5 is the five-dimensional gravitational constant, R and L(5)m are the five-dimensional
scalar curvature and the matter Lagrangian in the bulk, respectively. Also, xµ, (µ = 0, 1, 2, 3) are the
induced four-dimensional coordinates on the brane, K± is the trace of extrinsic curvature on either
side of the brane [24, 25] and Lbrane(gαβ , ψ) is the effective four-dimensional Lagrangian, which is
given by a generic functional of the brane metric gαβ and matter fields.
The five-dimensional Einstein field equations are given by
RAB − 1
2
RGAB = κ25
[
T
(5)
AB + δ(Y )τAB
]
, (4)
where
T
(5)
AB ≡ −2
δL(5)m
δGAB + GABL
(5)
m , (5)
and
τµν ≡ −2δLbrane
δgµν
+ gµνLbrane. (6)
We study the case with an induced gravity on the brane due to quantum corrections [8]. The
interaction between bulk gravity and the matter on the brane induces gravity on the brane through
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its quantum effects. If we take into account quantum effects of matter fields confined on the brane,
the gravitational action on the brane is modified as
Lbrane(gαβ , ψ) = µ
2
2
R− λb + Lm, (7)
where µ is a mass scale which may correspond to the four-dimensional Planck mass, λb is the tension
of the brane and Lm presents the Lagrangian of the matter fields on the brane. We note that for
λb = 0 and Λ
(5) = 0 action (1) gives the DGP model and gives the RS II model if µ = 0.
We obtain the gravitational field equations on the brane-world as [4]
Gµν =
2κ25
3
[
T
(5)
ABg
A
µ g
B
ν + gµν
(
T
(5)
ABn
AnB − 1
4
T (5)
)]
+ κ25piµν − Eµν , (8)
∇ντνµ = −2T (5)ABnAgBµ , (9)
where ∇υ is the covariant derivative with respect to gµν and the quadratic correction has the form
piµν = −1
4
τµατ
α
ν +
1
12
ττµν +
1
8
gµντ
αβταβ − 1
24
gµντ
2, (10)
and the projection of the bulk Weyl tensor to the surface orthogonal to nA is given by
Eµν = C(5)ABCDnAnBgCµgDν . (11)
The symmetry properties of Eµν imply that in general we can decompose it irreducibly with respect
to a chosen 4-velocity field vµ as [6]
Eµν = −
(
κ5
κ4
)4 [
U(vµvν +
1
3
hµν) + 2Q(µvν) + Pµν
]
, (12)
where hµν = gµν + vµvν projects orthogonal to vµ and the factor (κ5/κ4) is introduced for dimension
reasons. Here
U = −
(
κ4
κ5
)4
Eµνvµvν ,
is an effective non-local energy density or “dark radiation” term on the brane, arising from the free
gravitational field in the bulk, Qµ = (κ4/κ5)
4 hαµEαβvβ is an effective non-local energy flux and
Pµν = −
(
κ4
κ5
)4 [
h α(µ h
β
ν) −
1
3
hµνh
αβ
]
Eαβ ,
is a spatial, symmetric and trace-free tensor. In what follows for the static spherically symmetric
brane we have Qµ = 0, and we may choose Pµν = P (r)(rµrν − 13hµν), where the “dark pressure” P (r)
is a scalar functions of the radial distance r, rµ is a unit radial vector and at any point on the brane
in inertial frame vµ = δµ0 , hµν = diag(0, 1, 1, 1) [26].
In order to find the basic field equations on the brane with induced gravity, we have to obtain the
energy-momentum tensor of the brane τµν , given by definition (6) from the Lagrangian (7), yielding
τµν = −λbδµν + T µν − µ2Gµν . (13)
Assuming that the five-dimensional bulk space includes only a cosmological constant Λ(5) and inserting
equation (13) into equation (8), we find the effective field equations for four-dimensional metric gµν
as (
1 +
λb
6
κ45µ
2
)
Gµν =
1
6
λbκ
4
5Tµν − Λ4gµν − κ45µ2KµναβGαβ + κ45
[
pi(T )µν + µ
4pi(G)µν
]
− Eµν , (14)
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where
Kµνρσ =
1
4
(gµνTρσ − gµρTνσ − gνσTµρ) + 1
12
[Tµνgρσ + T (gµρgνσ − gµνgρσ)] , (15)
pi(T )µν = −
1
4
TµαT
α
ν +
1
12
TTµν +
1
8
gµνTαβT
αβ − 1
24
gµνT
2, (16)
pi(G)µν = −
1
4
GµαG
α
ν +
1
12
GGµν +
1
8
gµνGαβG
αβ − 1
24
gµνG
2, (17)
and the effective cosmological constant on the brane is given by
Λ4 =
κ25
2
[
Λ(5) +
1
6
κ25λ
2
b
]
. (18)
We note that for µ = 0 these equations are exactly the same effective equations as in the reference
[4].
3 Field equations for a cluster including identical and collision-less
point particles
Now we consider an isolated and spherically symmetric cluster being described by a static and spher-
ically symmetric metric
ds2 = −eλ(r)dt2 + eν(r)dr2 + r2(dθ2 + sin2θdϕ2). (19)
Suppose that the clusters are constructed from identical and collision-less point particles (galaxies).
This multi-particle system can be described by a continuous non-negative function fB(x
µ, pµ), dis-
tribution function, which is defined over the phase space. In terms of the distribution function the
energy-momentum tensor can be written as [27, 28]
Tµν =
∫
fBmvµvνdv, (20)
where m is the mass of each galaxy, vµ is the four-velocity of the galaxy and dv =
1
vt
dvrdvθdvϕ is the
invariant volume element of the velocity space. We also assume that the matter content of the bulk
is just a cosmological constant Λ(5) and the energy-momentum tensor of the matter in a cluster of
galaxies can be represented in terms of spherically symmetric perfect fluid as
Tµν = (pb + ρb) vµvν + pbgµν , (21)
where vµv
µ = −1. Use of equations (20) and (21) leads to the following relation for ρb and pb
ρb = ρ〈v2t 〉, pb = ρ〈v2r 〉 = ρ〈v2θ〉 = ρ〈v2ϕ〉, (22)
here 〈v2t 〉 represents the usual macroscopic averaging which is defined as 〈v2t 〉 = 1ρ
∫
fBv
2
tmdv where
ρ is the mass density and in term of fB is given by ρ =
∫
fBmdv [29, 30].
Using equation (14), the gravitational field equations on the brane become
(1 +
λb
6
κ45µ
2)
e−ν
r2
(
−1 + rν ′ + eν
)
=
1
6
λbκ
4
5ρb +Λ4 + κ
4
5µ
2K00 +
κ45
12
ρ2b − κ45µ4pi0(G)0 +
6
κ24λb
U(r), (23)
(1 +
λb
6
κ45µ
2)
e−ν
r2
(
1 + rλ
′ − eν
)
=
1
6
λbκ
4
5pb − Λ4 − κ45µ2K11 +
κ45
12
(
ρ2b + 2ρbpb
)
+ κ45µ
4pi
1(G)
1
+
2
κ24λb
[U(r) + 2P (r)] , (24)
5
(1 +
λb
6
κ45µ
2)
e−ν
2r
(
2λ
′ − 2ν ′ − λ′ν ′r + 2λ′′r + λ′2r
)
=
1
3
λbκ
4
5pb − 2Λ4 − 2κ45µ2K22 +
κ45
6
(
ρ2b + 2ρbpb
)
+ 2κ45µ
4pi
2(G)
2 +
4
κ24λb
[U(r)− P (r)], (25)
where U(r) and P (r) are the dark radiation and dark pressure and KµναβG
αβ ≡ Kµν term is given
by
K00 = −
e−ν
8
[
2ν ′
r
(ρb + pb)− 4pbλ
′
r
− 2
r2
(ρb + pb) + pbλ
′ν ′ − 2pbλ′′ − pbλ′2 + 2
r2
(ρb + pb)e
ν
]
− e
−ν (ρb − 3pb)
24
[
2eν
r2
+
2ν ′
r
− 2
r2
− 4λ
′
r
+ λ′ν ′ − 2λ′′ − λ′2
]
+
ρbe
−ν
24
[
4ν ′
r
− 4λ
′
r
− 4
r2
+ λ′ν ′ − 2λ′′ − λ′2 + 4e
ν
r2
]
, (26)
K11 = −
e−ν
8
[
pλ′ν ′ − 2pλ′′ − pλ′2 − 2ν
′
r
(ρb − pb) + 2
r2
(ρb + pb) e
ν +
2
r2
(ρb + pb)
]
− e
−ν (ρb − 3pb)
24
[
4ν ′
r
+
2eν
r2
− 2
r2
− 2λ
′
r
+ λ′ν ′ − 2λ′′ − λ′2
]
− pbe
−ν
24
[
4ν ′
r
+
4eν
r2
− 4
r2
− 4λ
′
r
+ λ′ν ′ − 2λ′′ − λ′2
]
, (27)
K22 = K33 =
e−ν
4
[
pbλ
′
r
+
ρbν
′
r
+
(ρb − pb) eν
r2
− (ρb − pb)
r2
]
− e
−ν (ρb − 3pb)
48
[
6ν ′
r
+
8eν
r2
− 8
r2
− 6λ
′
r
+ λ′ν ′ − 2λ′′ − λ′2
]
− pbe
−ν
24
[
4ν ′
r
+
4eν
r2
− 4
r2
− 4λ
′
r
+ λ′ν ′ − 2λ′′ − λ′2
]
, (28)
and use of equation (17) leads to the components of pi
ν(G)
µ as
pi
0(G)
0 =
e−ν
24
(
−6ν ′
r3
− 2λ
′
r3
− λ
′
ν
′
r2
+
2λ
′′
r2
+
λ
′2
r2
)
+
e−2ν
192
(
48ν
′
r3
+
16λ
′
r3
− 8ν
′
λ
′′
r
+
16λ
′
ν
′
r2
− 4λ′λ′′ν ′ − 8λ
′
λ
′′
r
+
4λ
′
ν
′2
r
+ λ
′2ν
′2 − 2λ′3ν ′ + 4λ′′λ′2 − 12ν
′2
r2
− 4λ
′3
r
− 16λ
′′
r2
+ 4λ
′′2 + λ
′4 − 4λ
′2
r2
), (29)
pi
1(G)
1 =
e−ν
24
(
2ν
′
r3
+
6λ
′
r3
− λ
′
ν
′
r2
+
2λ
′′
r2
+
λ
′2
r2
)
+
e−2ν
192
(−16ν
′
r3
− 48λ
′
r3
+
8ν
′
λ
′′
r
+
16λ
′
ν
′
r2
− 4λ′ν ′λ′′ + 8λ
′
λ
′′
r
− 4λ
′
ν
′2
r
+ µ
′2ν
′2 − 2λ′3ν ′ + 4λ′′λ′2 + 4ν
′2
r2
+
4λ
′3
r
− 16λ
′′
r2
+ 4λ
′′2 + λ
′4 − 20λ
′2
r2
), (30)
pi
2(G)
2 = pi
3(G)
3 = −
e−ν
24
(
4
r4
+
λ
′
ν
′
r2
− 2λ
′′
r2
− λ
′2
r2
− 2e
ν
r4
)
− e
−2ν
48
(−2λ
′2ν
′
r
− 2λ
′′
ν
′
r
− 4
r4
− 10λ
′
ν
′
r2
+
2λ
′
λ
′′
r
+
λ
′
ν
′2
r
− 2ν
′2
r2
+
λ
′3
r
+
4λ
′′
r2
), (31)
where a prime represents differentiation with respect to r. In the next section, we will investigate the
influence of the bulk effects on the dynamics of the galaxies in warped DGP brane-world model.
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4 The virial theorem in warped DGP brane
In order to derive the virial theorem for galaxy clusters, we have to first write down the general
relativistic Boltzmann equation governing the evolution of the distribution function fB. The galaxies,
which are treated as identical and collision-less point particles, are described by this distribution
function. For the static spherically symmetric metric given by equation (19) we introduce the following
frame of orthonormal vectors [27, 28, 29]
e(0)ρ = e
λ/2δ0ρ, e
(1)
ρ = e
ν/2δ1ρ , e
(2)
ρ = rδ
2
ρ, e
(3)
ρ = r sin θδ
3
ρ, (32)
where gµνe
(a)
µ e
(b)
ν = η(a)(b). The four-velocity vµ of a typical galaxy with vµvµ = −1, in tetrad
components is written as
v(a) = vµe(a)µ , a = 0, 1, 2, 3. (33)
The relativistic Boltzmann equation in tetrad components is given by
v(a)eρ(a)
∂fB
∂xρ
+ γ
(a)
(b)(c)v
(b)v(c)
∂fB
∂v(a)
= 0, (34)
where fB = fB(x
µ, v(a)) and γ
(a)
(b)(c) = e
(a)
ρ;σe
ρ
(b)e
σ
(c) are the distribution function and the Ricci rota-
tion coefficients, respectively. Assuming that the distribution function is only a function of r, the
relativistic Boltzmann equation becomes
vr
∂fB
∂r
−
[
v2t
2
∂λ
∂r
− (v
2
θ + v
2
ϕ)
r
]
∂fB
∂vr
− vr
r
[
vθ
∂fB
∂vθ
+ vϕ
∂fB
∂vϕ
]
− e
ν/2vϕ
r
cot θ
[
vθ
∂fB
∂vϕ
− vϕ∂fB
∂vθ
]
= 0,(35)
where we have defined
v(0) = vt, v
(1) = vr, v
(2) = vθ, v
(3) = vϕ. (36)
Since we have assumed the system to be spherically symmetric, the term proportional to cotθ must be
zero. Multiplying equation (35) by mvrdv where dv =
1
vt
dvrdvθdvϕ, and integrating over the velocity
space and assuming that the distribution function vanishes rapidly as the velocities tend to ±∞, we
obtain
r
∂
∂r
[
ρ〈v2r 〉
]
+
1
2
ρ
[
〈v2t 〉+ 〈v2r 〉
]
r
∂λ
∂r
− ρ
[
〈v2θ〉+ 〈v2ϕ〉 − 2〈v2r 〉
]
= 0, (37)
where ρ is the mass density and 〈v2r 〉 represents the average value of v2r . Multiplying equation (37)
by 4pir2 and integrating over the cluster leads to
∫ R
0
4piρ
[
〈v2r 〉+ 〈v2θ〉+ 〈v2ϕ〉
]
r2dr − 1
2
∫ R
0
4pir3ρ
[
〈v2t 〉+ 〈v2r 〉
] ∂λ
∂r
dr = 0. (38)
This equation is reduced to
2K − 1
2
∫ R
0
4pir3ρ
[
〈v2t 〉+ 〈v2r 〉
] ∂λ
∂r
dr = 0, (39)
where the total kinetic energy of the galaxies is defined as
K =
∫ R
0
2piρ
[
〈v2r 〉+ 〈v2θ〉+ 〈v2ϕ〉
]
r2dr. (40)
Now, using these relations and adding the gravitational field equations (23)-(25) and equation (22)
we find
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(
1 +
λb
6
κ45µ
2
)
e−ν
(
λ
′
r
− λ
′
ν
′
4
+
λ
′′
2
+
λ
′2
4
)
=
κ24
2
ρ
[
〈v2t 〉+ 〈v2r 〉+ 〈v2θ〉+ 〈v2ϕ〉
]
+
κ24
2λb
ρ2
[
〈v2t 〉2 + 〈v2r 〉2 + 〈v2θ〉2 + 〈v2ϕ〉2
]
− Λ4 + κ
4
5µ
2
2
[K00 −K11 − 2K22]
− κ
4
5µ
4
2
[pi
0(G)
0 − pi1(G)1 − 2pi2(G)2 ] +
6
κ24λb
U(r). (41)
where 16λbκ
4
5 = κ
2
4. In order to obtain the generalized virial theorem we have to use some ap-
proximations. First, since the dispersion of the velocity of galaxies in the clusters is of the order
600 − 1000km/s, i.e., (vc )2 ≈ 4 × 10−6 − 1.11 × 10−5 ≪ 1, we can neglect the relativistic effects in
the relativistic Boltzmann equation and use the small velocity limit approximation. In other words,
〈v2r 〉 ≈ 〈v2θ〉 ≈ 〈v2ϕ〉 ≪ 〈v2t 〉 ≈ 1. Second, the intensity of the gravitational effects can be estimated
from the ratio GM/R, which for typical clusters is of the order of 10−6 ≪ 1. Therefore inside the
galactic clusters the gravitational field is weak and we can use the weak gravitational field approxi-
mation. Then the term proportional to λ′ν ′ and λ′2 in equation (41) may be ignored. Thus, assuming
that eλ ≈ eν ≈ 1 inside the cluster [23], we can write equations (41) as
(1 +
λb
6
κ45µ
2)
(
λ
′
r
+
λ
′′
2
)
=
κ24
2
ρ
[
〈v2t 〉+ 〈v2r 〉+ 〈v2θ〉+ 〈v2ϕ〉
]
+
κ24
2λb
ρ2
[
〈v2t 〉2 + 〈v2r 〉2 + 〈v2θ〉2 + 〈v2ϕ〉2
]
− Λ4 − κ
4
5µ
2
6r
ρ
[
3ν ′〈v2t 〉+ 2λ′〈v2t 〉+ λ′′r〈v2t 〉+ 3ν ′〈v2r 〉
]
+
6
κ24λb
U(r). (42)
On the other hand, for clusters of galaxies the ratio of the matter density and of the brane tension is
much smaller than 1, ρ/λb << 1, so that one can neglect the quadratic term in the matter density in
above equation. These conditions certainly apply to test particles in stable circular motion around
galaxies, and to the galactic clusters. Thus, we can rewrite equation (42) as
(
1 +
λb
6
κ45µ
2
)
1
2r2
∂
∂r
(
r2
∂λ
∂r
)
=
κ24
2
ρ− Λ4 + κ45µ2[P(r) + 3U(r)] +
6
κ24λb
U(r), (43)
where
U(r) = −ρν
′
6r
,
P(r) = − ρ
6r2
∂
∂r
(
r2
∂λ
∂r
)
.
Multiplying equation (43) by r2 and integrating from 0 to r yields
(
1 +
λb
6
κ45µ
2
)
1
2
(
r2
∂λ
∂r
)
− κ
2
4
8pi
M(r) +
1
3
Λ4r
3 − κ
2
4
8pi
MDGP (r)− κ
2
4
8pi
MRS(r) = 0. (44)
The total baryonic mass and the geometrical masses of the system are given by
M(r) = 4pi
∫ r
0
ρ(r′)r
′2dr
′
, (45)
and
κ24MRS(r) =
48pi
κ24λb
∫ r
0
U(r′)r
′2dr
′
, (46)
κ24MDGP (r) = 8piκ
4
5µ
2
∫ r
0
[P(r′) + 3U(r′)]r′2dr′ , (47)
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where
M(r) =MRS(r) +MDGP (r). (48)
Multiplying equation (44) by dM(r)r and integrating from 0 to R, we finally obtain the generalized
virial theorem in warped DGP scenario as(
1 +
λb
6
κ45µ
2
)
2K +W +
1
3
Λ4I +W = 0, (49)
where
W = −κ
2
4
8pi
∫ R
0
M(r)
r
dM(r), (50)
W = −κ
2
4
2
∫ R
0
M(r)ρrdr, (51)
and
I =
∫ R
0
r2dM(r), (52)
where W is the gravitational potential energy of the system. At this point it is worth nothing that
for µ = 0, we have MDGP = 0 and the virial theorem in the warped DGP brane-world is reduced to
the virial theorem in the RS brane scenario [23]
2K +W +
1
3
Λ4I +WRS = 0, (53)
where
WRS = −κ
2
4
2
∫ R
0
MRS(r)ρrdr. (54)
As one can see the gravitational energy modified by WRS which has its origin in the global bulk effect
due to the Eµν term. We can also recover the virial theorm in the standard general relativity from
equation (53) in the limit λ−1b → 0. A alternative possibility in recovering the four-dimensional virial
theorem is to take the limit κ5 → 0, while keeping the Newtonian gravitational constant κ24 finite
[11].
In the case λb = Λ
(5) = 0, the virial theorem in warped DGP brane-world is reduced to the virial
theorem in DGP brane scenario [19]
2K +W +WDGP = 0, (55)
where
WDGP = −κ
2
4
2
∫ R
0
MDGP (r)ρrdr. (56)
Note for a Minkowski DGP bulk space we have Eµν = 0, thus in above equation WRS = 0. There
is difference between our model with references [23] and [19]. The virial theorem in warped DGP
brane-world modified by bothWRS andWDGP , which the first is due to the global bulk effect whereas
the second term has its origins in the induced gravity on the brane due to quantum correction.
Now, we introduce the radii RV , RI and R as
RV =
M2(r)∫R
0
M(r)
r dM(r)
, (57)
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R2I =
∫R
0 r
2dM(r)
M(r)
, (58)
R = −κ
2
4
8pi
M2(r)
W , (59)
where RV is the virial radius and R is defined as the geometrical radius of the clusters of galaxies.
Defining the virial mass as [29]
2K = −κ
2
4
8pi
M2V
RV
, (60)
and using the following relations
W = −κ
2
4
8pi
M2
RV
, I =MR2I , (61)
the generalized virial theorem (49) is simplified as
(
1 +
λb
6
κ45µ
2
)(
MV
M
)2
= 1− 8piΛ4
3κ24
RVR
2
I
M
+
(M
M
)2 (RV
R
)
. (62)
We have three types of mass in equation (62), namely, the total baryonic mass of the system repre-
sented byM (including the baryonic mass of the intra-cluster gas and of the stars, other particles like
massive neutrinos), the virial mass represented by MV and finally, the geometrical mass represented
by M.
On large distance scales associated with galaxies, we can ignore the contribution of the effective
cosmological constant to the mass energy of the galaxy. Also, it is found that MV is considerably
greater than M for most of the clusters and we can neglect the term unitary in equation (62).
Therefore, the virial mass is given by
MV (r) ≃M(r)
(
RV
R
)1/2
. (63)
This equation shows that the virial mass is proportional to the geometrical mass.
5 Astrophysical applications
In this section, we emphasize that the astrophysical observations together with the cosmological
simulations have shown that the virilized part of cluster is a measure of a fixed density such as a
critical density, ρc(z) at a special red-shift, so that ρV = 3MV /4piR
3
V = δρc(z), whereMV and RV are
the virial mass and radius, respectively. As is well known, ρc(z) = h
2(z)3H20/8piG, where the Hubble
parameter is normalized to its local value, i.e., h2(z) = Ωm(1 + z)
3 + ΩΛ, where Ωm and ΩΛ are the
mass density and dark energy density parameters, respectively [31]. By knowing the integrated mass
of the galaxy cluster as a function of the radius, one can estimate the appropriate physical radius for
the mass measurement. The radii commonly used are r200 or r500. These radii lie within the radii
corresponding to the mean gravitational mass density of the matter ρtot = 200ρc or 500ρc. A useful
radius is r200 to find the virial mass. The numerical values of the radius r200 for the cluster NGC
4636 are in the ranges r200 = 0.85 Mpc and r200 = 4.49 Mpc for the cluster A2163, so one can deduce
that a typical value for r200 is 2 Mpc. The masses corresponding to r200 and r500 are denoted by
M200 and M500, respectively, and it is usually assumed that MV =M200 and RV = r200 [32].
10
5.1 Geometrical mass estimated using the Jean’s relation
Now, we are going to obtain M(r) as a function of r by comparing the virial theorem results with
the observational data for galaxy cluster which can be obtained from the X-ray observation of the
gas in the cluster. The most of the baryonic mass in clusters is in the gas form, therefore we assume
that the energy-density and pressure in Tµν is that of a gas as
ρ = ρg(r), p = pg(r). (64)
In majority of clusters most of the baryonic mass is in the form of the intra-cluster gas. The gas mass
density ρg(r) distribution can be fitted with the observational data by using the following expression
for the radial baryonic mass distribution [32]
ρg(r) = ρ0
(
1 +
r2
r2c
)−3β
2
, (65)
where rc is the core radius, and ρ0 and β are cluster independent constants. A static spherically
symmetric system of collision-less particles that is in equilibrium, can be described by the Jean’s
equation [14]
d
dr
[
ρg(r)σ
2
r
]
+
2ρg(r)
r
(
σ2r − σ2θ,ϕ
)
= −ρg(r)dΦ(r)
dr
, (66)
where Φ(r) is the gravitational potential, σr and σ
2
θ,ϕ are the mass-weighted velocity dispersions in
the radial and tangential directions. We assume that the gas is isotropically distributed inside the
cluster, so σr = σθ,ϕ. The gas pressure is related to the velocity dispersion and gas profile density by
pg = ρgσ
2
r . By assumption that the gravitational field is weak so that it satisfies the usual Poisson
equation 2∇2Φ ≈ κ24ρtot, where ρtot is the energy density including ρg and other forms of matter, like
luminous matter and the geometrical matter, etc., the Jean’s equation becomes
dpg(r)
dr
= −ρg(r)dΦ(r)
dr
= −κ
2
4Mtot
8pir2
ρg(r), (67)
whereMtot(r) is the total mass inside the radius r. The observed X-ray emission from the hot ionized
intra-cluster gas is usually interpreted by assuming that the gas is in isothermal equilibrium. Therefore
we assume that the gas is in equilibrium state having the equation of state pg(r) =
kBTg
µmp
ρg(r), where
kB is Boltzmann constant, Tg is the gas temperature, µ = 0.61 is the mean atomic weight of the
particles in the gas cluster and mp is the proton mass. Equation (67) then gives
Mtot(r) = −8pikBTg
µmpκ24
r2
d
dr
ln ρg(r). (68)
Now, use of the density profile of the gas given by equation (65) leads to the mass profile inside the
cluster as
Mtot(r) =
24pikBTgβ
µmpκ24
r3
r2 + r2c
. (69)
On the other hand, using equation (45) and (48) we can obtain another expression for the total mass
dMtot(r)
dr
= 4pir2ρg(r) +
48pi
κ24λb
U(r)r2 +
8piκ45µ
2
κ24
[P(r) + 3U(r)] r2, (70)
substituting equations (69) and (65) into equation (70) we obtain the following expression
12
κ24λb
U(r) +
2κ25µ
2
κ44
[P(r) + 3U(r)] = 6kBTgβ
µmpκ24
r2 + 3r2c
(r2 + r2c )
2
− ρ0
(
1 +
r2
r2c
)−3β/2
. (71)
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Finally, substituting above equation into equation (48), in the limit r >> rc considered here, we
obtain the following geometrical mass
M(r) ≃
[
24pikBTgβ
µmpκ24
− 4piρ0r3βc
r2−3β
3(1− β)
]
r, (72)
which includes both the local and non-local bulk effects. Observations show that the intra cluster
gas has a small contribution to the total mass [31, 32, 33, 34], thus we can neglect the contribution
of the gas to the geometrical mass and rewrite equations (72) as
M(r) ≃
(
24pikBTgβ
µmpκ
2
4
)
r. (73)
Now Let us estimate the value of M(r). First we note that kBTg ≈ 5KeV for most clusters. The
virial radius of the clusters of galaxies is usually assumed to be r200, indicating the radius for which
the energy density of the cluster becomes ρ200 = 200ρcr, where ρcr = 4.6975 × 10−30h250gr/cm3 [32].
Using equation (72) we find
rcr = 91.33β
1/2
(
kBTg
5KeV
) 1
2
h−150 Mpc. (74)
The total geometrical mass corresponding to this value is
M(r) = 4.83 × 1016β3/2
(
kBTg
5KeV
) 1
2
h−150 M⊙, (75)
which is consistent with the observational values for the virial mass of clusters [32].
5.2 Radial velocity dispersion in galactic clusters
Radial velocity dispersion in galactic clusters plays an important role in estimating the virial mass of
the clusters. It can be expressed in terms of the virial mass as [34]
MV =
3
G
σ21RV . (76)
Assuming that the velocity distribution in the cluster is isotropic, we have 〈v2〉 = 〈v2r 〉+ 〈v2θ〉+ 〈v2ϕ〉 =
3〈v2r 〉 = 3σ2r , the radial velocity dispersion σ2r for clusters in warped DGP model can be obtained
from equation (37) as
d
dr
(ρσ2r ) +
1
2
ρλ′ = 0, (77)
where σ1 and σr are related by 3σ
2
1 = σ
2
r . On the other hand, by neglecting the cosmological constant
the Einstein field equation (43) becomes
(
1 +
λb
6
κ45µ
2
)
1
2r2
∂
∂r
(
r2
∂λ
∂r
)
=
κ24
2
ρ+ κ45µ
2 [P(r) + 3U(r)] + 6
κ24λb
U(r). (78)
Integrating, we obtain
(
1 +
λb
6
κ45µ
2
)
1
2
(
r2
∂λ
∂r
)
=
κ24
8pi
M(r) +
κ24
8pi
M(r) + C1, (79)
where C1 is an integration constant. By eliminating λ′ from equations (77) and (79), we obtain(
1 +
λb
6
κ45µ
2
)
d
dr
(ρσ2r ) = −
κ24M(r)
8pir2
ρ(r)− κ
2
4M(r)
8pir2
ρ(r)− C1
r2
ρ(r). (80)
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Figure 2: Left, The radial velocity dispersion in warped DGP brane-world model and right, the same parameter in
DGP brane-world scenario for the NGC 5813 cluster with β = 0.766, r200 = 0.87Mpc, rc = 25Kpc, kBTg = 0.52KeV
and C1 = 0.503, 1.005 × 10
8, 2.011 × 108 M⊙, C2 = 0.02, 0.03, 0.04 M
2
⊙/Kpc
4 for solid, dashed and dot-dashed curves,
respectively.
Integration now gives the following solution(
1 +
λb
6
κ45µ
2
)
σ2r = −
1
ρ
∫
κ24M(r)
8pir2
ρ(r)dr − 1
ρ
∫
κ24M(r)
8pir2
ρ(r)dr − 1
ρ
∫ C1
r2
ρ(r)dr − C2
ρ
, (81)
where C2 is an integration constant. For most clusters β ≥ 23 and therefore, in the limit r >> rc, the
gas density profile (65) can be written as [23]
ρg(r) = ρ0
(
r
rc
)−3β
, β ≥ 2
3
. (82)
Now, substituting equations (45), (73) and equation (82) into equation (81), for β 6= 1 we obtain
(
1 +
λb
6
κ45µ
2
)
σ2r = −
ρ0κ
2
4
12(1− β)(1 − 3β)r
2
(
r
rc
)−3β
+
kBTg
µmp
+
C1
(1 + 3β)
1
r
− C2
ρ0
(
r
rc
)3β
, (83)
and for β = 1 we find(
1 +
λb
6
κ45µ
2
)
σ2r =
ρ0κ
2
4
8
r3c
(
1
4r4
+
ln r
r4
)(
r
rc
)3
+
kBTg
µmp
+
C1
4
1
r
− C2
ρ0
(
r
rc
)3
. (84)
As is well-known, the simple form σ2r (r) = B/(r+b) for the radial velocity dispersion and the relation
ρ(r) = A/r(r + a)2 for the density of the galaxies in cluster, with B, b, a and A constants, can be
used to fit the observational data [34]. For r << a, ρ(r) ≃ A/r, while for r >> a, ρ(r) behaves like
ρ(r) ≃ A/r3. Here, our expression for σ2r can be also used to fit the observational data. Therefore,
the comparison of the observed velocity dispersion profiles of the galaxy clusters and the velocity
dispersion profiles predicted by the warped DGP brane-world model may give a powerful method to
discriminate between the different theoretical scenarios.
Finally, we compare the radial velocity dispersion in warped DGP brane-world model with the
radial velocity dispersion in the other theoretical models. As we noted before for Λ(5) = λb = 0, the
warped DGP model reduce to the DGP model and equation (84) for β = 1 reduce to
σ2r =
ρ0κ
2
4
8
r3c
(
1
4r4
+
ln r
r4
)(
r
rc
)3
+
kBTg
µmp
+
C1
4
1
r
− C2
ρ0
(
r
rc
)3
, (85)
which is the radial velocity dispersion in DGP model, equation (65) in [19]. The radial velocity
dispersion of galaxy clusters in Palatini f(R) gravity for γ = 3, which is corresponding to β = 1, is
also presented as [18]
σ2r = −r3
∫
F ′
2F
r−3dr +
kBTg
µmp
+ piGρ0
(
1
4r
+
ln r
r
)
+
c
4
1
r
− c
′
ρ0
r3, (86)
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where F (R) = df(R)dR . For f(R) = R this relation reduces to
σ2r =
κ24ρ0
8
(
1
4r
+
ln r
r
)
+
kBTg
µmp
+
c
4
1
r
− c
′
ρ0
r3, (87)
which is equation (84) with 8piG = κ24 and Λ
(5) = λb = 0. The same relation has been also obtained
in Randall-Sundrum II model with this difference that the origin of geometrical mass in f(R) gravity
is the extra terms in the Einstein-Hilbert action whereas in the latter is the global bulk effect. In
figure 2 we have plotted the radial velocity dispersion for the cluster NGC 5813. The numerical
values of it are in the ranges β = 0.766, rc = 25Kpc, kBTg = 0.52Kev, r200 = 0.087Mpc [32] and the
radial velocity is about 240km/s [35]. As one can see the radial velocity dispersion in warped DGP
brane-world is compatible with the observed profiles and for the same value of constants C1 and C2 is
slower than the DGP brane-world model.
6 Conclusions
The virial theorem plays an important role in astrophysics because of its generality and wide range of
applications. One of the important results which can be obtained with the use of the virial theorem is
to derive the mean density of astrophysical objects such as galaxy clusters and it can be used to predict
the total mass of the clusters of galaxies. In the present paper, using the collision-less Boltzmann
equation, we have obtained the generalized virial theorem within the context of the warped DGP
brane-world model. The additional geometric terms due to the induced curvature term on the brane
and non-local bulk effect in the modified gravitational field equations provide an effective contribution
to the gravitational energy, equation (44), which may be used to explain the well-known virial theorem
mass discrepancy in clusters of galaxies. Finally, we have compared the virial theorem results with
the observational data for galaxy cluster which can be obtained from the X-ray observation of the
gas in the cluster and expressed the geometrical mass in term of observational quantities, like the
temperature and the gas profile density.
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